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1 Introduction 

Let (M, g) be a Riemannian surface (i.e. a Ricmannian manifold of dimen- 
sion 2), orientable or not. We assume that M is either compact or a compact 
perturbation of the euclidian space, so that the Sobolev embeddings are true. 
Consider A = A g the Laplace-Beltrami operator. In this paper we are inter- 
ested in constructing WKB approximations for the non linear cubic Schrodinger 
equation 

J id t u(t, x) + Au(t, x) = e\u\ 2 u(t, x), e = ±1 , , 

{ u(0,x) = u Q (x) e H a (M) { } 

that is, given a small parameter < h < 1 and an integer N, functions un(K) 
satisfying 

id t u N {h) + Au N (h) = e\u N (h)\ 2 u N {h) + R N {h) (1.2) 

with ||uAr(/i)||ij« ~ 1 and WRnWWh' < Cn}i n . 

Here h is introduced so that upf(h) oscillates with frequency ~ 4. 

These approximate solutions to p. 1(1 will lead to some instability properties in 

the following sense (where br 1 will play the role of n): 

Definition 1.1 We say that the Cauchy problem is unstable near in 

H (T (A1), if for all C > there exist times t n — ► and Ui jTl ,v^ tn € H a (M) 
solutions of 11. 1\) so that 

||wi ) n(0)||H"(M)) \\u2,n{®)\\H°(M) 
||"l,n(0) - U 2 ,n(0)\\H"{M) 

limsup \\ui >n (t n ) - U 2 ,„(t n )\\ H -(M) 
when n — > +oo. 

This means that the problem is not uniformly well posed, if we refer to the 
following definition: 

Definition 1.2 Let a e K. Denote by B R , a the ball of radius R in H° ' . We 
say that the Cauchy problem l(_?._?|l if uniformly well posed in H a if the flow map 

u Q e B R ^ n h\m) .— » $ t («o) e H a (M) 

is uniformly continuous for any t. 
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We now state our instability result: 



Proposition 1.3 Let < a < i, and assume that M has a stable and non 
degenerated periodic geodesic (see As sumptions \l-4\ and \1.5t ). then the Cauchy 
problem IjJ. 1\ is not uniformly well-posed. 

This problem is motivated by the following results: In 3 , N. Burq, P. Gerard 
and N. Tzvetkov show that 1)1. 1|) is unstable on the sphere § 2 for < a < j. In 
fact they construct solutions of l|l.l|) of the form 

<(t, as) = Ke a »*(ni- CT Vn(z) + r n (f, a;)) (1.3) 

where < k < 1, ip n = {x% + ix2) n is a spherical harmonic which concentrates 
on the equator of the sphere when n — > +oo and where r n is an error term 
which is small. To obtain instability, they consider k„ — > k, then 

||"l,n(0) - U2,„(0)\\h"{S^ ^ W - K\ > 

but 

ll<(^) - «^(t«)IU-(ff') > ^ lKtn - e lA " *"| — 2« 
with a suitable choice of t n — > 0. 

We follow this strategy but as the surface is not rotation invariant, the ansatz 
will be more complicated than 1)1. 3JI . 

This result is sharp, because in 0] they show that l|l.l|l is uniformly well posed 
on § 2 when a > i. 

On the other hand, in |2] J. Bourgain shows that l|l.lfl is uniformly well posed 
on the rational thorus T 2 when a > 0. 

These results show how the geometry of M can lead to instability fot the equa- 
tion 1|1.1[) . Therefore it seems reasonable to obtain a result like Proposition 1 1.31 
with purely geometric assumptions. 

We first make the following assumption on M: 
Assumption 1.4 The manifold M has a periodic geodesic. 



Denote by 7 such a geodesic, then there exists a system of coordinates (r, s) 
near 7, say for (r, s) G] — ro, rofxS 1 , called Fermi coordinates such that (see 
p. 80) 

(i) The curve r = is the geodesic 7 parametrized by arclength and 

(ii) The curves s = constant are geodesies parametrized by arclength. The 
curves r — constant meet these curves orthogonally . 

(iii) In this system the metric writes 

(I \ 

■ 9 ~ ^ a 2 (s,r) J ■ 
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We set the length of 7 equal to 2ir. Denote by R(r, s) the Gauss curvature at 
(r, s), then a is the unique solution of 

§% + R(r,s)a = 

(1.4) 

o(0, a) = 1,^(0, a) = 0. 

The initial conditions traduce the fact that the curve r = is a unit-speed 
geodesic. In these coordinates the Laplace-Beltrami operator is 

A := ^=div( v / det^ g^V) = -d s (-d s ) + -d r (ad r ). 
Vdetg a a a 

A function on M, defined locally near 7, can be identified with a function of 
[0, 2tt] x ] — r , r [ such that 

V(s,r) e [0,27r]x] -r ,r [ /(» + 27r,r) = /(s,u;r) 

where u = 1 if M is orientable and = — 1 if M is not. Define 

wi = i(w-l)G{-l,0}. (1.5) 

From (|1.4fl we deduce that a admits the Taylor expansion 

a = 1 - ii?(s)r 2 + R 3 (s)r 3 + ■■■ + R p (s)r p + o(r p ), (1.6) 

and as a(s + 27r,r) = a(s,u>r), we deduce i?(s + 27r) = R(s) and for all J > 3, 
R j (s + 2w) =lu3R 3 {s). 

Let P2 = ■^i< j2 + P 2 be the principal symbol of A, and 

&•(*) = f & = = -^ = -5 S (^)- 2 

^ d r(t) = ^ = 2/0; d p(t) = _^ = _ 9r (^ )a 2 (L7) 

t s(0) = s , cr(0) = cr , r(0) = r , p(0) = p , 

its associated hamiltonian system, where P2 = P2(s(t),r(t),a(t), p(t)). The 
system <|1.7[) admits a unique solution and defines the hamiltonian fow 

$ t : (so,o- ,r ,po) 1 — ► (s(*), 0-(t), r(t), p(t)). 

The curve T = {(s(t) = t,a(t) = 1/2, r(t) = 0,p(t) =0),t€ [0,2tt]} is solution 
of 1)1. 7|) and its projection in the (r, s) space is the curve 7. Now denote by <fi the 
Poincare map associated to the trajectory Y and to the hyperplane £ = {s = 0}. 
There exists a neighborhood A/" of (<r = 1/2, r = 0, p = 0) such that the following 
makes sense: solve the system ()1.7|l with the initial conditions (0, <7q, ro, po) G 
{0} x A/" and let T be such that s(T) = 27T, then <j> is the application 

<t>:{r Q ,p Q )^{r{T),p{T)). 

Moreover, the Poincare map is continuously differentiable (see ^0] P- 193). To 
obtain its differential d</>(0,0) at (0,0), we linearize the system l|1.7[) about the 
orbit T, i.e. 



&»(*)= 2*> S^(*)=0 

£r(f) = 2p, ± P {t) = -±R(s(t))r, 



(1.8) 
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then a — \, sit) = t and 



i(;)-(-^s)(;> 

Hence the application d(j)(0, 0) is 

d0(O,O):(r o ,po)^(r(27r), /9 (27r)), 

where (r, p) solve (|1.9|l . As d0(O,O) is symplectic, it admits two eigenvalues /j, 
and that are called the characteristic multipliers of the system JO}. Wc 
add the following assumption on 7, which can be formulated in terms of the 
eigenvalues of d<^(0, 0): 

Assumption 1.5 The geodesic 7 is stable, i.e. d<p{Q,0) is a rotation. Then the 
multipliers take the form /i = e lX and fi^ 1 — e~ lX with A £ 1. We assume 
moreover that there exist r, [i > such that 

V( M )e2xN |p-g-|> 77-^, C 1 - 10 ) 
7T \(p,q)\ 

where \(p,q)\ — \p\ + \q\- When this condition is fulfilled, we say that 7 is non 
degenerated. 



Remark 1.6 Almost every A G M. satisfies (|1.1U|) ™£/i r > 1. This is an easy 
consequence of [1] p. 159, e.g. 

Notice that the function r which satisfies H1.9(l is solution of 

y(s) + R(s)y(s) = 0. (1.11) 

Consider eto the solution of ll.lll with initial conditions ao(0) = 1 and do(0) = j. 
Then, from the Floquet theory, there exists a 27r-periodic function P so that 

a (s)=e i ^ s P(s) 

(or ao(s) = exp (-i^s)P(s), but A can be replaced with — A). 
Here, and in all the paper we denote by / = 4-f if / is diffcrentiable. This 
notation is motived by the fact that s will play the role of a time variable (see 
section EJ . 

In order to prove Proposition II. 31 we construct stationnary approximate solu- 
tions of 1)1. l[l . as stated in the following Theorem 

Theorem 1.7 Assume [FJ\ and YTR Let h g]0, 1] suc/i that \ G N. Zei k, er > 
and k G N. Le£ A &e given by Assumvtion \1.5j and u)\ by (|1.5(l . 

De/ine £ (fc) = -j^A + ^fc(wi - |) and (5 = k/i ct . 

TTien /or a/!/ f € M, £/iere exist Ajv(fc) G R and a family un{K) such that 
C\5 < ||«2v(/i)II.l 2 (m) < C2<5 with C\,C-x > independent of N and h, and 

-Au N (h) = X N {k)u N (h) - e\u N (h)\ 2 u N {h) + h N g N {h) (1.12) 
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with for all N G N 

\\h N g N {h)\\ Hn{M) <h N - n . 

Moreover 

Ajv(fc) = ^ - ^o(fc) + ^^Co + 0(1), 
where Co > is independent of e and 5. 

Remark 1.8 The analog of Theorem \1.7\ was proved by J. Ralston in for 
the linear case (e = 0), with the same type of assumptions. 

Remark 1.9 Consider the more general equations 

id t u + Au = F(u), (1.13) 

where F : C > C is a C°° function. The result of Theorem is likely to 

hold with other nonlinearities F(u), for example for F(z) — z 3 , F(z) — z or 
F(z) = (l + \z\ 2 ) a z with a < 1. However, the instability phenomenon is strongly 
related to the gauge invariance of the equation (|1.13(1 . 

Remark 1.10 The restriction 1(1. 10|) seems to be purely technical. For instance, 
when M = E> 2 , A = but the result holds (see ™). 

The scheme of the paper is the following: Thanks to a scalling, we reduce the 
problem (|1.12|) to the resolution of linear Schrodinger equations with a harmonic 
time dependent potential, and we will see, using Assumption 11.51 that these 
equations have periodic solutions. To prove Proposition 11.31 we show that the 
family upj(h) provide good approximations of 1)1.1(1 in times where instability 
occurs. 

Notations 1.11 In this paper c, C denote constants the value of which may 
change from line to line. We use the notations a ~ b, a < b if -^b < a < Cb, 
a < Cb respectively. By Si_j we mean the Kronecker symbol, i.e. dij = for 
i ^ j and S^i = 1. 

Remark 1.12 In the sequel we do not always mention the dependence on h of 
the functions: we will write u, f, r.i, . . . instead of i±h, fh, r^h, . . . 

Acknowledgements 1.13 The author would like to think his adviser N. Burq 
for his constant guidance in this work, P. Pansu for his help in the frame of 
geometry, and B. Helffer for having pointed out the reference J^. 
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2 The WKB construction 

Consider the equation 

-Au = \u-e\u\ 2 u. (2.1) 
Given h > 0, we are looking for a solution of the form 

u = Sh-h l if(s,r,h) (2.2) 

where S = Kh a , with k > and < a < 4. We try to find a solution of (|2.1|l of 
the form u ~ 2^j>o h^ 2 Uj. Thus we write A ~ /i -2 X)j>o ^' 2 \j. As we will see, 
identifying each power of /i will lead to a linear equation which can be solved 
with a suitable choice of Aj . 

Choose h such that hr 1 6 N, this ensures that expz|- is 27r— periodic. Such 
a condition on h is natural and is known as a Bohr-Sommerfeld quantification 
condition. 

With the ansatz (|2.2|l . equation l|2.1|l becomes 

- i(T 9 °f + d ° f TSV -ds{-)CTf + dj) 
a z n n z a a h 

_ ®± drf = Xf _ £( ^-| |/|2/ (2 3) 

a 

We make the change of variables x — -j= and set v(s, x, h) — f(s, \fhx, h). Thus 
d r f = ^9 x v and d 2 f — j^d 2 v. Therefore we now have to find v ~ X)j>o h^' 2 Vj. 
Using H1.6|l we obtain the following Taylor expansions in h 

-r = 1 + hRx 2 - 2h%R 3 x 3 + 0(h 2 ), 

aT x d s {ar x ) =0(h) and a~ 1 d r a = 0{h^). 
Equation l|2.3|l can therefore be written, after multiplication by 

id s v + \-d 2 v - \-Rx 2 v = 1 Jf 1 v + h?R 3 x 3 v + ^-eS 2 h? \v\ 2 v + hPv (2.4) 
where 

P = A,d 2 + A 2 d s + A 3 d r + A 4 (2.5) 

is a second order differential operator with coefficients Aj = Aj(s,x, h) satisfying 
Aj (s + 27r, x,h) = Aj (s, ojx, h) for < j < 4. 

Denote by E = = E Q + hhE x + ■ ■ ■ + h§E p + o(h%) and write v = 

vq + h^vi + • •• + h 2 v p + o(h%) and by identifying the powers of h we obtain 
the system of equations: 

ids + \dl - X -Rx 2 - EqJvq = (2.6) 
ids + \d 2 x - X -Rx 2 - Eo^jv! = E lVo + R 3 x 3 v + ^e6 2 \v \ 2 v (2.7) 

id s + ^d 2 -^Rx 2 -E )v p = +E p v + Q P . (2.8) 
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so that the (j + l)th equation of unknown (vj, Ej) correspond to the annihilation 
of the coefficient of hi in 1)2. 4[l . 

Here Q p is a function which only depends on x,s, {vj)j< p -i and (Ej)j< p -i. 

Remark 2.1 Notice that thanks to the scalling, we have reduced the problem 
i2.ll to the resolution of linear equations. However we have to solve them 
exactly; no smallness assumption on x is possible, as x can be of size ~ . 

Once we have solved the previous equations, we will be able to construct approx- 
imate solutions of 12.1|l : more precisely, we will obtain the following proposition, 
which is the main result of this section. 

PROPOSITION 2.2 Let x e Co°(] - ^Oj^oD be such that < x < 1, X=l on 
[— 7'o/2, ro/2] and suppose moreover that x is an even function. Denote by 

u p = 5h~ix{r)e l ^{vo + hhv x H h h*v p )(s, —=) (2.9) 

Vh 

and by 

1 2 

K = Ts -T{E Q + h*E 1 + ---+h%E p ). (2.10) 
Then u p satisfies ||u p ||i2(M) ~ ^ an d 

— Au p — XpUp — e\u p \ 2 Up + h^~ g p (h) (2-11) 

with 

v/i e]o,i], Vn e n, ll/i^ffpWIli?" < a/i** 1 -". 



2.1 Preliminaries: the analysis of the linear equations 

We will solve the system 1)2.6)) for x € R, even if the function a is only defined 
for \r\ < ro i.e. for x < -^=, but the equations 1)2.6)1 make sense for a; € ML At 
the end we will use a cutoff argument to construct a proper function on M . 
Consider the Hilbertian basis of L 2 (R) composed of the Hermite functions 
(^fe)fe>o which are the eigenfunctions of the harmonic oscillator H = — 5C? 2 + 
\x 2 , i.e. Hifk = (k + i)tpk- Moreover ipk(x) = Pf-(x)e~ x2 ^ 2 where Pf. is a 
polynomial of degree k with Pk(—x) = (—l) k Pk(x). The link between the s- 
dependent operator — ^d 2 + \R{s)x 2 and H is given by the following result 
proved by M. Combescure in [Jj. 

Theorem 2.3 Let a : K — > C be the solution of with a (0) = 1, 

ao(0) = i- Define 

a = log |a |, P = — log=, 
li ao 

let the unitary transform T(s) be defined by 

T(s) = e ^{s)x 2 /2 e ^ a (s)D^ where D _ _* ^ . v + V • «), 
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and let U(s,t) be the unitary evolution operator for — \d 2 + \R(s)x 2 , i. e. 
U(s,r)(p is the unique solution of the problem 

{id s + \&l - \R(s)x 2 )u = 
u{t,x) = ip{x) £ L 2 (R) 

Then we have for any s,rel 

U(s,t) = T^e-^-W^Tiry 1 . 

Remark 2.4 The functions a and (3 are well defined: suppose that there exists 
so such that ao(so) = 0, then Re(ao) and Im(ao) ar ^ linearly dependent, which 
is impossible with this choice of the initial conditions. 

Remark 2.5 Define 6{s) — (3(s) — ^s where A is given by Assumption \1.5[ 
Then a and 6 are 2n-periodic real functions. Moreover a(0) = a(0) = (3(0) — 
9(0) = 0. 

Denote by S(R) the Schwartz space, i.e. the space of smooth functions which 
are fast decreasing and their derivatives too. 

Proposition 2.6 Let i/jq e S(R) and E e C. Let f e C°° ([0,2tt] x R,R) be 
such that 

Vn e N, Vs e [0, 2tt], d^f(s, •) € S(R), 
in other words f € C°° ([0, 2tt],5(R)). 

Let ip € C 1 ([0,2tt],L 2 (R)) n C° ([0, 2vr], H 2 (R)) be the solution of 

id s il>+\dlip-\Rx 2 i\>-Eil> = f 
V(0,aO=MaO. 1 j 

T/ien V eC°°([0,27r],<S(K)). 

Proof: By replacing -0 with e zEt ip, we can assume that E 1 = 0. The solution of 
equation l|2.12|l is given by 



i>(s,-) = U(s,0y -i U( S ,T)f(T,-)dT 

Jo 

= T(s)e- zl3{s)H U ~ i J* e^^T^y 1 ]^, -)&r \ . (2.13) 

As D is a transport operator, we have 

T,T _1 :C°°([0,27r],5(R)) — * C°° ([0, 2tt],5(R)) , 
we only have to show that 

c tfSH :C°°([0,27r],5(R)) — ► C°° ([0, 2vr], 5(M)) . 
This follows from the fact that (3 is regular and e jff : S(R) — ► S(R). 

The description of U given in Theorem 12.31 yields the following representation 
ofU(a,0)(p k : 
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Proposition 2.7 For all k e N and s,x el we have 

U(s,0)<p k (x) = e^^^e-^+^^e-^ipk (xe- Q(s) ) . (2.14) 

Proof: According to Theorem 12.31 and as Hip k = (k + ^)<fik, 

Denote by f(s) — e~ ia ^ D ifk- Then / is solution of the transport equation 
dsf = -\a{s)(xd x f + d x (xf)) = -~a(s) (f + 2xd x f) 

with Cauchy data f(0,x) = (p k (x). Make the change of variables a — a(s) and 
set g(o~) = f(s). Therefore g satisfies d a g — — -^(g+2xd x g). The equation x = x, 
x(0) = xq admits the solution x(t) = xoe T and the characteristics method gives 
g(r, x(t)) = c~ 2 T cp k (x ) = e~^ T ip k (x(T)e~ T ), hence 

/(a) =e"^( s Vfe(^e- a(s) ). 

Corollary 2.8 Let fceN, define wi — \{u) — 1) and 
£ ko = E (k) = -±\+ \k{ux - £). Then 

w k = e- ls£k oU(s,0)ip k 

= r , S £ t0 e .d( s )x 2 /2 e -.(i+)=)« S ) e 4^) ¥)j! (2.15) 

is solution of the equation (|j?.6j) . 

Proof: On the one hand, from Proposition 12 . 71 we deduce 

w k (s + 2ir,x) = e- 2 ™ £k °e- lX ^+^w k (s,x) =e- lkuJl *w k (s,x) 
= {-l) ku)1 w k (s 7 x) = w k (s,u)x). 

On the other hand, w k satisfies H2.6I) because of the definition of U(s,0). 

Fix ko £ N and take vo — w ko with the previous choice of £ ko = Eo(ko). This 
choice corresponds to the fcoth level of energy for the harmonic oscillator. 

Remark 2.9 Until now we didn't use the restriction (|l.l()|l . but it will crucial 
in the following. 

PROPOSITION 2.10 For all p > 0, there exist E p E C and 
v p € C°° ([0, 2tt],5(R)) which solve ((Oil . 

Remark 2.11 As stated in Theorem \1.7\ the Ej's are in fact real numbers. 
This will be proved in Lemma \2.1J\ 
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Proof: We proceed by induction on p € N. 

For p — the result was proved in Corollary 12. 81 

Let p > 1, and suppose that for all j < p — 1 there exist £y € C and Uj <E 
C°° ([0, 2vr], 5(R)) which solve the (j + l)th equation of When p > 2, set 

, i , p- 1 

Wp_l = /l 2 tli + "- + /i 2 Vp-i, 

E p ^i = h^E x ^ Vh^Ep-Y 

and wo = = 0. The function Q p given by (|2.8|l is the coefficient of h% in the 
expansion in h of 

Ep^Vp-x + ^£<5 2 |i;o + w P -i| 2 (wo + + /iP(v + 

Now using the regularity of the v/s and the fact that P defined by 1)2.5(1 is an 
operator 

P : C°° ([0, 2tt],<S(K)) — ► C°° ([0, 2tt], 5(R)) , 

we obtain Q p e C°° ([0, 2tt],5(R)) . 
Moreover Q p satisfies, V(s, a;) e [0, 27r] x M 

Q p (s + 2tt, x) = Q p {s, ujx) 

because this property holds for the v/s, a and for the coefficients of P. 
Define F p (s,x) = e- l6l ^ c2a(a) * 2 / 2 Q p {s,xe a ^), then F p G C°° ([0,2tt],5(M)) and 
satisfies Q p (s } x) = e idt ^ x2 / 2 F p (s,xe- a ^) and F p (s + 27r,:c) = F p (s,ux). Let 
us decompose -Fp on the basis (vj)j>o : there exists a unique family of smooth 
functions (9j(s))j>o € Z 2 (N) so that 

F p (s,y) = J29 P j (s)<pM- (2-16) 

Then 

Q p {s,x) = Y J 9 P M^ {s)x2/2 ^ xe ' ais) ) =Y, hP M w M ( 2 - 17 ) 

where according to l(2.15|l 

h p (s) = e^oMgiti+jWWelaW^^ ( 2 .18) 

We have 

Q p (s,ujx) = h p j (s)wj(s,ujx), 

j>0 

but also 

Qp(s,wa;) = Q p {s + 2n,x) = >J fe?(s + 27r)wj(s + 2-7T, x) 

= + 27r)iUj(s, war), 

and from the uniqueness of the ft^'s we deduce h P (s + 2ir) = h p (s). 
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We are now looking for a solution of (|2.8|) of the form 

v p (s,x) =^2e?(s)wj(s,x) (2.19) 

3>0 

where the e p, s are 27r-periodic functions. For all j > 0, by Lemma f2. 81 we have 

hence we have to solve the equations 

ie p + {£ ko - £j)e% = h p + 6 jM E p . (2.20) 

As £ ko - £j = E (k ) - E (j) = |(fc - j){uJi - £), the solutions of (j!T2U)) take 
the form 



v 



( s ) = e hi(ko-j)(wi-$)s (qp _ j jf hP(T)e-^ k °-^-^ T dT^ (2.21) 



for j ko, and 

e p ko (s) = Cl o -i [ S hl o (T)dT-iE p s. 
The constants C P £ C and E p G C have to be determined such that e^(s + 27r) 
• Case j = k : 

r-2-K 

e p ko (s + 2tt) = -i / h p ko (r)dr - 2mE p + e P o (s), 



thus e p k is 27r-periodic iff 



1 /- 27r 

B p = -- jf h p k dr. (2.22) 



• Case j ^ k : 

Denote by ft? : r i — ► ft^e-^^o-jX^i-^T and by K = e^o-iX^x-A^ Then 



S+27T 7-2^ /•S + 27T 

ft?(r)dr = / ftf(r)dr + / ftj(r)dr 

^0 J2ir 



2TX nS 

h^&r + K- 1 / h P (T)dr, 
o Jo 



and by (|2~5T|) 



ef(s + 2tt) = X e - l 2( fc o-j)("i-i)s _ " ^( r )d 7 

£|(fc - i )(c 1 _A )s ( kc p ^ tK hP^ T ) dT t Ip^)^ .(2.23) 



e 
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Notice that K ^ 1, as A g" irQ and choose 

iK ( 2lx - 

then according to (|2.21|) and (|2.23|) . the function e^ 1 is 27r— periodic. 

Now, we show that the constants C p are uniformly bounded in j > 0, so that 

the function v p given by (|2.19() is well defined. We first need the 

Lemma 2.12 Let (hj)j>o G l 2 (N) be the family of 2tt— periodic functions defined 
by <|2.18[) and h P (s) — X^nez c f j ^ s F° ur ^ er decomposition. Then for all 
n\, ri2 € N f/iere exists C p > smc/i i/ia£ /or a/Z j € N 



Proof: Consider the function F p € C°° ([0, 27r],5(R)) which defines the family 
{gj(s))j> G Z 2 (N) with (215) . Denote by H = -\d 2 x + \x 2 . Let n u n 2 G N 
and decompose the function d™ 2 H ni F p on the basis (<fj)j>o 

d™ 2 H ni F p = ^2g?(s)(pj(s) 
where (g^)j>o is a smooth family of functions in Z 2 (N). 

Using that H<pj = (j + ±)<pj and that F p G C°° ([0, 2ir], 5(R)), we have for all 
ni, n 2 G N 

fl*»iT*F p = £(j + ^) ni (^) (n2) (s)^(j/). 

j>0 

By uniqueness of such a decomposition, 

((i + ^) ni (^) ( " 2) )^ = (^>o6i 2 (N) 

Then by the definition Ij2.18|l of h P , an easy induction on n\, n 2 G N shows that 
(j 711 ^?)^ 2 )) >0 G Z 2 (N). Write the Fourier decomposition of h p 

and by Parseval 

j2J2i 2nil2m ( s K/ = E^' 2 " 1 r i(^) ( " 2) (*)i 2 d.s < c p . 

In particular, for all j G N 

Z6Z 

hence the result. 
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i i({-I(fc -i)(w 1 -A))T 



End of the proof of Proposition \2.11A Using the Fourier decomposition of hj 
we obtain 

iK f 27T - 

= ~iY 1 — ST- (2-24) 

With Assumption II . 51 we have 

\l - l(ko - - -)\ = h(2l - (k - j)cJi) + (k - 

Z TT Z TT 

> 1 " 



2\(2l-(k -j)u 1 ,k -j)\T' 
and for j > k , \2l - (fe - J>i| + \ k o - j\ < 2(|I| + |j|), then 

I'-^-^-^^mtW- (2 - 25) 

Hence, from (|2.24() and l|2.25() we deduce 

ic?i < e KjKUi + i*i) T £ E KM T + i ; n- ( 2 - 26 ) 

By Cauchy-Schwarz and Lemma \l. 121 from i|2.26[l we obtain 

s (E tttw) 4 (E K/t 1 + I'DW + i z ' 2T ))' 

Zez ^ 1 zez 
< C p . (2.27) 



Set 



v p (s,x) = ^2e p j (s)w j (s, 

3>0 



For all j € N, s i — ► ej(s)ujj(s, x) is continuous and there exists c > such that 
for all j > k , and for all s € [0, 27r] 

and this shows that v p e C ([0, 2tt], L 2 (R)) . Now using Proposition 12.61 we 
conclude, by uniqueness of such a solution, that v. p E C°° ([0, 2tt],<S(M)). 

2.2 The nonlinear analysis and proof of Proposition 12.21 

Lemma 2.13 The constant E\ given by Provosition \2. 1 01 writes E\ = —eS 2 Cq 
where Cq > is independent of e and S. 
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Proof: According to formula (|2.22|) . wc only have to compute the term h ko in 
the expansion 12.17(1 . 

Write the expansion of \tpu \ Vk 011 the basis (fj)j>o : 

iwtoiVo = 5>i¥>i, ( 2 - 28 ) 

j>0 

with pj £ R and pj = for j — ko = 1 mod 2 as .t) = (— 1) ^fc(x). Then 

\ Vq \ 2 Vq = e -" B °( ,!0 )e i<i W a!2 /2 e -i(|+feo)/3W e -|aW|^ o |2^ L-aWj 

= ^p J -e~' <a ' Bo(fco) e <dW!r2/2 e -<( a + * o)/ ' (s) e~5 a( *Vj (ze- Q(s) ) 
i>o 

where 

/j( s ) = p-e - ^ ^ ^ ^^ - ^ "^^ 8 ^"^ 

Therefore f ko (s) = Pko e- a ^ with, using p ko = J R |</> fc J 4 > 0. 

In the same manner we write 

x 3 <p ka (x) = ^2q j tp j (x) 
with qj = when j — kg = mod 2 and 

i? 3 a; 3 vo = i? 3 e" 4sBo(fco) e id(s);,:2/2 e- l ^ +fco ) /3 ( s )e5 Q ( s )(a;e^ a ( s )) 3 ( / 9fc (xe" Q(;i) ) 
where 

9j ( S ) = qjR3 ( s ) e -^Eo(k B )~E U)) e ^(ko-jms) e 3 a (s) 

= q ] R 3 (s)e- l(k °- jms)+ ^ 1 '>e 3a( - s '>. 

Then g ko = and h ko = \e5 2 f ko = \e8 2 p ko e' a{s \ 
Finally, from l(2.22|l we deduce 

1 r 27r 

Ei = ---e5 2 p ko / e^^dr = -e5 2 C 

where Co > as p ko > 0. 
Now we prove Proposition 12. 21 



Proof of Proposition \2.i& To begin with, as x is an even function and by 
construction of the Vj's, u p (s + 2ix, x) = u p (s, lox). 

Set v(s,x) = (vq + hhv\ + ■ • • + h^Vp) (s,x), then plugging in (|2.4() we obtain 
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that the coefficient of ft. 2 cancel for < j < p, this leads to an error term 



h2F h (s,x) withFft G C°° [0,2tt]x 



Note that the function Fh 



rp r r 

isn't defined for 1 6 R, as it depends on a which is only defined for r G] — rg , rg [ 
Set Up = 5e^ s v(s, -^=), then coming back to equation (|2.1|l . there exists Gh G 



C 7 



-At 



so that 



XpUp 



e\uJ 2 u, 



= Sh^h- 



(Here we loose a power of h as we had multiplied by h to obtain 12.411 .') 
Now 



Aiip — Xpttp 



x(-Au p - XpUp) + ex 3 \u p \ 2 Up 



-X'(2% 



d r a _ 



h—h-^xGh + ex(x - l)|«pr«p 
-x'(2u p + —Up) - x"u p 
h^gpih). 



(2.29) 



First, observe that 



h~2 



[0,2ir]xl 



X 2 (r) 



dsdr 



[0,27r]xl 



1. 



X 2 {Vhx) \G h (s,x)\ 2 dsdx 
(2.30) 



Then, as v is rapidly decreasing in a;, u p is localized near r = in an interval of 
length ~ \fh. But each of the terms x(x 2 ~~ 1); x' an d x" vanish when \r\ < rg/2. 
Thus, for all N G N there exists Cm such that 

llx(x 2 - l)\up\ 2 u p \\ L 2 {M) < C N h N , 

||x'(2u p + -^-u p )\\ L 2 {M) < C N h N , 

\\x"up\\ L 2 {M) < C N h N . 

These estimates together with (|2.30|) yield 

\\g P (h)\\ L 2 { M) < 5. 

Derivating a term of the right hand side of 12.29(1 costs at most hr 1 (when you 
derivate expz-| is variable s). Hence, for all n G N 

\\9 P (h)\\mM) <Sh- n . 

Lemma 2.14 Let p > 1 and E p given by Proposition \2.1U§ . Then E p G M. 



Proof: We already know that E ,Ei G M. Let p > 3. Multiply f2~TT]) by 
integrate on M and take the imaginary part 



= ImAp||u p ||^2 + h P 2 Im J g p (h)i 
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As ||u p ||l 2 ~ 1 and HffplU 2 ^ 1, we obtain the estimate 

|ImAp| < fr^H^IMKIk 2 < h*? 

and as 

ImAp = -2(Im£ 2 + hhmE 2 H h h^lmEp) 

it follows that for all < j < p - 1, ImEj = 0, i.e. £j- e R. 

3 The instability for the nonlinear Schrodinger 
equation 

3.1 The error estimate 

Proposition 3.1 Let a > and /e£ w e H 2 (M) be such that 

||«IU» < 1, ML- <h-i+°, \\Av\\ L oo <h-'i+°, 
and suppose that v satisfies 

id t v + Av = s\v\ 2 v + h a R(h) 
with for all (3 € [0, 2], ||i?(/i)||fl-/3 < . Let u be solution of 

J id t u + Au — e\u\ 2 u 
\ u(0,x) = v(0,x). 

Then, if a > \ + 3a we have 

|| (u — v)(th)\\H" — >0 when h ► 0, 

where th ~ h^~ 2a log(^). 

Proof: Define w = u — v and 

E(t) = \\w\\ 2 L2 + \\h 2 Aw\\ 2 L2 . 
We have E(0) — and the following estimates: 

\\w\\ L 2<E$, \\Aw\\ L 2<h- 2 EK \\Vw\\ L 2 < h^Ei. (3.1) 
The function w satisfies the equation 

id t w + Aw = e(\w + v\ 2 (w + v) - \v\ 2 v) + R(h). (3.2) 
The energy method gives 

Id f 

--glHl! 2 = Im / w(e(\w + v\ 2 (w + v) - \v\ 2 v) + R(h)) 

< h a \\w\\ L 2 + \\W\\ 4 L 4 + \\w\\l 2 \\ V \\l°° ■ 
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The Gagliardo-Nirenberg inequality gives 

\H\h<\H\h\WM\h<h- 2 E 2 , 

and as ^ h~i +a , we obtain 

i\\ w \\h ^ h ° E ^ + h-^ +2a E + h- 2 E 2 . (3.3) 
Now, apply A to IpHjl 

id t Aw + A 2 w = eAA + AR(h) (3.4) 

with 

A = \w + v\ 2 (w + v) — \v\ 2 v 

= 2w\v\ 2 + wv 2 + w 2 v + 2\w\ 2 v + \w\ 2 w , 



then 



\A(A)\ < \v\ 2 \Aw\ + \v\\Vv\\Vw\ + \Vv\ 2 \w\ + \v\\Av\\w\ 
+ |Au|H 2 + |w| 2 |Aw| + H|Vw| 2 



hence 



l|A(A)|| £a < IMII^IAHI^ + ||«IU-||Vt;||£a.||V«;|| £! i + ||V«||£o.|M|l» 

+ \\v\\ L ~\\Av\\ L ~\\w\\ L 2 + \\Av\\ L ^\\w\\ 2 Li (3.5) 

+Hli-.||Ai«|| i a + |HU»||V«;||i4. 
The following inequality holds in dimension 2 

IMU- < \\w\\l 2 \\Aw\\l 2 <h~ l E?, 
and with Ij3.1|l and (|3.5|l we deduce 

|| A{A)\\ L 2 < h-i +2a E^ + h-^ +a E + hT^E'i. 

But 

h-^+'E = h-i +a E*h- 2 E'i < h-% +2 °Ei + h^E?, 
and we obtain 

||A(A)|| L 2 < h-* +2a E$ +h- 4 E^. (3.6) 

Now, using l|3.6(l and || A(R(h))\\ L 2 < h a ~ 2 , the energy method and the Cauchy- 
Schwarz inequality gives 



— HA* = Im| Aw(A + R(h)) 

< h- 2 E?{h a - 2 +hri +2a E^ +h- i Ei) 1 (3.7) 
therefore from l|3.3[) and l|3.7|l we have 



^E < h a E? + h-^ +2a E + h- 2 E 2 . 
at 
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Interpolation gives 

Nk» £ IHU" + HI*- ;$ ||«j|U a + ||w||^ f ||A^||f 2 < hT°E^ := F 
and F satisfies F(Q) — and 

^F < h- a+a + h-i +2a F + h- 2+2rT F 3 . (3.8) 
As long as h~ 2+2a F 3 < h~^ +2rT F, i.e. F < hi, we can write 

4f < h- a+a + h-^ +2a F 
at 

and the Gronwall inequality yields 

F < h a +i- 3a e c+h ' i+2 " t . 

The non linear term in H3.8[) can be removed with the continuity argument for 
times such that 

ha + ^^a e C+h-h+ 2 't < h $+r, 

with r\ > i.e. for t < (a — i — 3er — ?/)/i~^ +2<T log 4, which is possible with r\ 
small enough as we assume a, > 4 + 3cr. 

Corollary 3.2 Let k>0, < cr < | and set S = nh a . Denote by v = 
e -iA 3 t U3 w here and A3 are defined by (|£.^f> and ^2.1Uty respectively. 
Let u be solution of 

( id t u + Au = e\u\ 2 u 
\ u(0,x) = v(0,x). 

Then \\v\\h" ~ 1 and 

|| (u — v)(th)\\H" — >0 when h — > 0, 
where t% ~ h^~ 2(T log(i). 

Proof: The result directly follows from Propositions (|2.2() and l|3.1|) . as for all 

< cr < j, we have a + 1 > | + 3o\ 

3.2 The instability argument 

Let k, Kh > and consider v = v 1 defined in Corollary 13.21 associated with k 
and v 2 associated with Kh- Let a be a solution of 

( id t vP + = e\u j \ 2 u j 
\ u j (0,x) = v j (0,x) 

and t h ~ /i3- 2 <^log(i). Then 

IK^-u 1 )^)!!^ > ||(v 2 -i; 1 )(tfc)||ff--||(« 2 -« 2 )(t/i)||ff- 

-IKu 1 -^)^)!!^. (3.9) 
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From Corollary 13. 21 we deduce that for j = 1, 2 

Ku i -V i )(t h )\\ H a — f 0. 

Observe that 

IK^-t^faOlk-- 

from Proposition 12 . 1 31 we have 

(Ag - Ag)*/, - h 2 ' J - 1 {n ~ K h )t h ~ (re - log ~. 



^(A|-A 3 )th _ 2_ 



(3.10) 



It is possible to choose Kh such that re/j — ► re and (re — re^) log -r 
using §3 and jXTUfl 



Then 



limsuplK^-w 1 )^)!!^ > limsup||(?; 2 -v 1 )^^ >2 

/i — >0 h — >0 



even though 



(u 2 - W 1 )(0)|| ff . = ||(« 2 - v^O)^ ~ |« - 



which tends to with /i. According to Definition ll.il we have proved Proposition 

roi 
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